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PHYSICS OF MAGNETIC PHENOMENA
BETHE APPROXIMATION FOR PURE AND DILUTED MAGNETS AS AVERAGING OVER LOCAL EXCHANGE FIELDS

S. V. Semkin, V. P. Smagin 
UDC 531.19

An interpretation of the Bethe approximation based on the method of averaging over local exchange fields taking into account the correlation of neighboring spins is proposed. Based on this interpretation, an approximate method of analysis of Ising magnetics with nonmagnetic dilution is constructed. In the approximation considered, percolation thresholds and dependences of the Curie temperature on the concentration of magnetic atoms for lattices with different coordination numbers are calculated.
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INTRODUCTION
In publication [1] the authors consider a possible generalization of the Bethe method for the case of diluted Ising magnet. The present paper is a continuation of [1] and considers a different variant of this generalization. The classical interpretation of the Bethe approximation consists in accurate accounting of exchange interaction of some atom of the lattice with its closest neighbors. Interaction with other atoms of the lattice is taken into account by introducing the effective field, the value of which is determined from the condition of equality between average magnetizations of the central atom and its neighbor [2]. Furthermore, the Bethe approximation for the Ising model can be interpreted as an accurate solution to the problem on the Bethe lattice [3]. And, as was shown in [1], the Bethe approximation can be interpreted as a fixed-scale renormgroup transformation applied to the clusters constructed in a certain way. Different interpretations of the Bethe method that are equivalent for the pure (without non-magnetic impurities) magnet, when generalized for the case of a dilute magnet, lead to different ways to calculate magnetization and critical temperature as function of magnetic atom concentrations. 
That is why in this paper we suggest another possible interpretation of the Bethe method constructed using averaging over distribution functions of exchange fields. First, let us construct it for the pure Ising magnet and then let us generalize for the magnet with non-magnetic impurities. Using this approximation, we shall calculate the concentration dependences of magnetization, Curie temperature, and find approximate values of percolation thresholds for the lattices with different coordination numbers.
1. BETHE APPROXIMATION AS AVERAGING OVER LOCAL EXCHANGE FIELDS
In publication [4] the authors put forward the method of averaging over interaction fields, using which one can find the critical points and macroscopic parameters in various systems of interacting particles. This method, when applied to the Ising model, is based on using the formula obtained in [5]: 
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 is the ensemble averaging that is, in essence, the averaging over field distribution function 
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Exchange integrals 
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 shall be considered equal to 
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 for the closest neighbors and zero for the remaining pairs of atoms. 
Let us consider the distribution function 
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 affecting a certain spin 
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. This function can always be presented as 
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where 
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 is the average magnetization, while 
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Values 
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are the probabilities that  QUOTE 
 the spin that neighbors on the positively (negatively) oriented spin is itself oriented positively (negatively). Let us calculate the average value 
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it can be rewritten as
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From (3) and (4) it is easy to express 
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Expression (1) produced in publication [5] is the special case of the formula (produced in the same publication)
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Using the distribution function (2), from (1) and (6) we have
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Equations (5), (7) and (8) can be used to construct the approximate methods for determination of values 
[image: image49.wmf]m

 and 
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, we shall get the equation for determination of magnetization m according to the method of averaging over exchange fields [4].

When binominal distributions with parameters 
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where 
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 are the binominal coefficients, the result is the known Bethe approximation. Using (9) to calculate the averages in (7) and (8) and expressing 
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It is easy to ascertain analytically that magnetization 
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 concurs with the known solution for the one-dimensional chain of spins [3] that is the special case of the Bethe lattice. Unfortunately, we could not produce an analytical proof of equality between solution to the system (10), (11) and magnetization calculated in the Bethe approximation for arbitrary 
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 showed concurrence of the solution to (10), (11) with the Bethe approximation, that is why we suppose that this solution is in fact the Bethe approximation for arbitrary
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We shall produce an equation for the Curie temperature 
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where
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In the Bethe approximation
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 [2]. One can show that substitution of this value 
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2. DILUTED MAGNET
Different variants of generalization of the considered approximation for the diluted magnet are possible. Let us examine one of these variants. Let us consider a bond-diluted magnet. Let 
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 in the negative. Let us assume that probability of this, just as for the pure magnet, is determined by expression 
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where 
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 in the same way, as for the pure magnet (formula (5)). The effect of dilution shall be taken into account as follows: let us assume that among 
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Therefore,
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Finally, we get (for the magnet in the zero external field)
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where
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Equation for the Curie temperature as function of concentration 
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 is produced from the equations (16), (17) in the same way, as the corresponding equation (14) for the pure magnet is produced from (12), (13):
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and it goes over into equation (14) at 
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 ought to be interpreted as the approximate value of the percolation threshold for the lattice with the corresponding coordination number calculated in the examined approximation. Table 1 presents values 
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 produced from (18) (column 3). The same table presents values 
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 calculated by the method of averaging over exchange fields [4] (column 2), and accurate values of thresholds of percolation over nodes and bonds for simple lattices (column 1). In the method of averaging over exchange fields [4] there is no difference between node and bond dilution. Unlike this method, in the present paper we consider the bond-diluted magnet specifically. One can see that values 
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 found by the method suggested in this paper for plane lattices turn out to be closer to true values of the percolation thresholds than the ones produced by the method of averaging over exchange fields. 

TABLE 1. Critical values of concentration, at which spontaneous magnetization (percolation thresholds) disappears for different lattices  QUOTE 
 
	Lattice type (coordination number)
	1
	2
	3

	
	Over nodes
	Over bonds
	
	

	Hexagonal (3)
	0.700
	0.653
	0.557
	0.614

	Square (4)
	0.590
	0.500
	0.428
	0.452

	Tetrahedral (4)
	0.430
	0.390
	0.428
	0.452

	Cubic (6)
	0.310
	0.250
	0.293
	0.300

	Triangular (6)
	0.500
	0.347
	0.293
	0.300


Note. Column 1 – accurate values over nodes and bonds [2], column 2 – calculated in approximation of averaging over exchange fields [4], column 3 – calculated in approximation put forward in the present paper. 
Fig. 1 presents the dependences of the Curie temperature on the concentration of magnetic atoms calculated from (18) for q = 3, 4 and 6 (curves 1, 3, 5 respectively), as well as the concentration dependences of the Curie temperature for the same coordination numbers calculated by the method of averaging over exchange fields [4] (curves 2, 4, 6). One can see that all curves are qualitatively similar: they have an infinite derivative at 
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 at 
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 close to 1. From Fig. 1 one can also see that values of the Curie temperatures at 
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 (i.e. for pure magnets) found from (18) are closer to the values for the simple lattices with the corresponding coordination numbers [3] than those that were produced by the method of averaging over exchange fields.

Fig. 1. Curie temperatures depending on the concentration of magnetic atoms with different coordination numbers q calculated by the method of averaging over exchange fields (curves 2, 4, 6 for q = 3, 4 and 6 respectively) and the method considered in the present paper (curves 1, 3, 5 for q = 3, 4 and 6 respectively).

Therefore, we reach the following conclusions as a result of our analysis:
1. The approximation applied to the pure magnet and examined in the present paper includes the known approximations, such as the average field method, the method of averaging over exchange fields [4] and the Bethe method. Besides, on its basis one can construct other approximations by choosing the distribution functions of exchange fields that are different from binominal ones. 
2. When applied to diluted magnets, our approximation provides a new and more accurate result for the percolation thresholds and concentration dependences of the Curie temperature and spontaneous magnetization than the method of averaging over exchange fields and known generalizations of the Bethe method for the diluted magnet. 
3. The structure of the suggested approximation allows constructing different generalizations for the diluted magnet case. For instance, one can take into account the difference in the correlations of spins of connected and unconnected atoms, which, as we suppose, will lead to more accurate results for the diluted magnet model. 
REFERENCES
1. S. V. Semkin, V. P. Smagin, Russ. Phys. J., 60, Issue 10, 1803–1810 (2017).

2. J. M. Ziman, Models of Disorder: The Theoretical Physics of Homogeneously Disordered Systems, Cambridge University Press (1979).

3. R. J. Baxter, Exactly Solved Models in Statistical Mechanics (1985). 
4. V. I. Belokon, S. V. Semkin, JETP [in Russian], 102, Issue 4(10), 1254–1258 (1992).

5. H. B. Callen, Phys. Lett., 4, 161–175 (1963).

6
7

_1609249531.unknown

_1609249547.unknown

_1609249556.unknown

_1609624893.unknown

_1611324530.unknown

_1611324568.unknown

_1611324680.unknown

_1611324681.unknown

_1611324678.unknown

_1611324679.unknown

_1611324582.unknown

_1611324548.unknown

_1611324563.unknown

_1611324535.unknown

_1609625431.unknown

_1611324516.unknown

_1611324523.unknown

_1609625489.unknown

_1611324486.unknown

_1609625441.unknown

_1609625142.unknown

_1609625419.unknown

_1609625121.unknown

_1609249563.unknown

_1609624856.unknown

_1609624865.unknown

_1609624840.unknown

_1609249561.unknown

_1609249562.unknown

_1609249557.unknown

_1609249551.unknown

_1609249554.unknown

_1609249555.unknown

_1609249553.unknown

_1609249549.unknown

_1609249550.unknown

_1609249548.unknown

_1609249539.unknown

_1609249543.unknown

_1609249545.unknown

_1609249546.unknown

_1609249544.unknown

_1609249541.unknown

_1609249542.unknown

_1609249540.unknown

_1609249535.unknown

_1609249537.unknown

_1609249538.unknown

_1609249536.unknown

_1609249533.unknown

_1609249534.unknown

_1609249532.unknown

_1609249486.unknown

_1609249510.unknown

_1609249519.unknown

_1609249527.unknown

_1609249529.unknown

_1609249530.unknown

_1609249528.unknown

_1609249524.unknown

_1609249525.unknown

_1609249523.unknown

_1609249515.unknown

_1609249517.unknown

_1609249518.unknown

_1609249516.unknown

_1609249513.unknown

_1609249514.unknown

_1609249512.unknown

_1609249500.unknown

_1609249506.unknown

_1609249508.unknown

_1609249509.unknown

_1609249507.unknown

_1609249502.unknown

_1609249504.unknown

_1609249505.unknown

_1609249503.unknown

_1609249501.unknown

_1609249496.unknown

_1609249498.unknown

_1609249499.unknown

_1609249497.unknown

_1609249494.unknown

_1609249495.unknown

_1609249491.unknown

_1609249469.unknown

_1609249477.unknown

_1609249482.unknown

_1609249484.unknown

_1609249485.unknown

_1609249483.unknown

_1609249480.unknown

_1609249481.unknown

_1609249479.unknown

_1609249473.unknown

_1609249475.unknown

_1609249476.unknown

_1609249474.unknown

_1609249471.unknown

_1609249472.unknown

_1609249470.unknown

_1609249451.unknown

_1609249459.unknown

_1609249465.unknown

_1609249467.unknown

_1609249468.unknown

_1609249466.unknown

_1609249463.unknown

_1609249464.unknown

_1609249460.unknown

_1609249455.unknown

_1609249457.unknown

_1609249458.unknown

_1609249456.unknown

_1609249453.unknown

_1609249454.unknown

_1609249452.unknown

_1609249443.unknown

_1609249447.unknown

_1609249449.unknown

_1609249450.unknown

_1609249448.unknown

_1609249445.unknown

_1609249446.unknown

_1609249444.unknown

_1609249435.unknown

_1609249439.unknown

_1609249441.unknown

_1609249442.unknown

_1609249440.unknown

_1609249437.unknown

_1609249438.unknown

_1609249436.unknown

_1609249427.unknown

_1609249429.unknown

_1609249431.unknown

_1609249428.unknown

_1609249423.unknown

_1609249425.unknown

_1609249426.unknown

_1609249424.unknown

_1609249421.unknown

_1609249422.unknown

_1609249420.unknown

_1609249419.unknown

