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Abstract—The paper discusses the formulation and approaches to the solution of the two-coordinate task of the adjustment (local coordinate binding) of a multi-position system intended for monitoring mobile objects for various special purposes (underwater, surface, air, etc.). The problem of refining the configuration and spatial orientation for a multiposition observing system during a correction of the solution of a navigation problem by the dead reckoning method is considered. The question of solvability of the problem under finite accuracy of machine computations and measurements is discussed. The results of a numerical experiment with the use of simulation models are presented. These results adequately illustrate the possibility of an efficient solution of the problem.
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I.  Introduction

Multiposition systems (MPSs) for observation are of considerable importance for the provision of navigation of different moving objects [1–4]. At the same time, the construction of MPSs on their own is also associated with the solution of specific navigational problems that provide a fixation of elements of MPSs (beacons, reference points, and so on) to those reference systems where parameters of the motion objects are estimated during the subsequent use of MPSs. 

This paper discusses some questions of the adjustment of an MPS of local action during the realization of a closed procedure, when the identification of parameters of the MPS is performed together with a solution of the navigation problem of an object that maneuvers in the servicing zone of the MPS. Such adjustment is called dynamic (in-motion). It is worth mentioning that in general, this approach to constructing MPSs is not new; it is realized in the construction of modern systems to one extent or another. An example of this is radio navigational satellite systems, whose spatial geometry is identified just through the determination (refinement) of the orbital parameters of artificial navigational Earth satellites in combination with the position of ground observation points [3]. 

The problem discussed in this paper may be considered as an inverse trajectory problem (ITP) of the kinematic type. The model of the problem includes equations that describe kinematics of a particle (the motion of a real object is identified with its motion) and equations of measurements. Therewith, without loss of generality, only measurements of ranges (pseudoranges) or differences of “object–beacon” ranges are considered. A problem statement is topical for the organization of the functioning of ground-based radio navigational sys systems and hydroacoustic systems located at great depths with the use of self-contained submarine apparatuses [2].
II. Problem statement and Model Representation
We restrict our consideration to a plane problem and look at a system (with N elements) that provides measurement of object–beacon ranges or measurement of the differences in these ranges. Let us introduce the following right orthogonal reference systems: oxy with the origin, which coincides with one of the beacons (suppose that its number is j = 1), and the axis oy directed in a particular way; 
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 with the origin 
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 placed on a mobile object, and axes that are parallel with corresponding axes of the system oxy. A mechanical trajectory of the object is identified with a trajectory of a particle 
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The kinematics of the particle in the plane oxy are described by the equations.
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Here V is a relative speed, while 
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 are the components of translational velocity caused by the motion of the medium.
Let us consider two informational situations. One of them is characterized by the measurements of object-beacon ranges (pseudoranges) of the form
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and the other is exemplified by the measurements of the differences in the ranges 
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are radius vectors of the object and jth beacon in the system 
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, respectively (therewith, the vectors 
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 is a small constant caused by an error of time scales for the object and jth beacon; 
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; N is the number of beacons; and L is the number of moments at which the measurements were taken.

Thus, two inverse problems described by models ((1), (2)) and ((1), (3)), respectively, regarding board measurements of V and K are stated. These problems remain to be solved for determining the vector  
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When solving these two problems, we assume that a supporting trajectory is an object’s mechanical trajectory, which is identified by the measurements V and K given a priori representations of the vectors 
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 (i.e., a solution of the navigation problem by the traditional method of dead reckoning [5, 6]). Then, one may say about a reduction of initial ITPs to corresponding problems “in the small” with the vector 
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Next, the relative boundedness of the space and time domain where the problem is considered, in comparison with space and time characteristics of variability of physical processes that generate translational motion of the object, can be called the predominance of the constant component in the vector W and, correspondingly, the constancy of the vector 
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Now, let us move to models of two cited ITPs in the small. It should be noted that these models may be interpreted in the coordinate system oxy as well as in the reference system 
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. In the system oxy we have (1) the equations of measuring discrepancies in
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in the measurements of pseudoranges and 
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in measurements of the differences of ranges as well as (2) the equations of evolution of errors
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are not simulated components of a translational velocity and instrumental errors of board measurements of relative speed and heading, we accept the hypothesis that they represent independent white noise random processes and possess known mean (zero) and constant intensities 
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In the system 
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and leaving out the tilde symbol in the notation of variables, we have (1) the equations of measuring errors in
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in measurements of pseudoranges and in
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measurements of differences of ranges as well as (2) equations of evolution of errors in
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Finishing the description of model representation of the problem in question, it should be noted that in accordance with the above presented rule of construction of the coordinate system
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III. Study of the Problem
First, we note that between two models of the ITP considered in the small, we choose the first one described by equations (4) or (5) and (6). This model is simpler than model (7) or (8) and (9) by the form of equations of evolution; this allows one to answer rather simply (as it will be seen from the subsequent discussion) the question of principal importance, namely, the question of fundamental solvability (observability) of the problem (and to choose at the same time a constructive method for a solution). 
First, consider the case where ranges (pseudoranges) are to be measured. Let us write a system of equations (4) in terms of a solution of equations of evolution (6) with the initial conditions 
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 may belong to the interval of measurement as well as lie outside. We haven
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For J = 1, the coefficient of 
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 in equation (10) is zero. Considering the form of the equations of evolution (6), this confirms the fact (also evident from the physical notion) that if one employs measurements only from the sole beacon, it is meaningless to put 
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 (which is identified, for example, with an unknown value of magnetic variation, or a constant component of the instrumental error of measurement of the heading) on the list of identified parameters. At the same time, for J = 1, in general terms (except trajectories where 
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For J > 1, due to the linear independence of the system of time functions that form the elements of the matrix of coefficients for the system of equations (10), we can talk about the possibility of observing the complete vector 
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 (for instance, in trajectories that are circles with a center in the origin of the reference system oxy for J = 2 and 
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Now, consider the case of measurement of the differences in ranges. By analogy with (10), we haven
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It is easy to see that with these measurements the vector 
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 is observable in full strength even for the minimum number of beacons N = 2. Hence, it may be concluded that for N ≥ 2 the statement of the problem of dynamic adjustment of an MPS in terms of a fundamental solvability (observability) of the problem in the small is reasonable.

In solving the problem of adjustment, its finite dimensional representations (10) and (11), associated with two types of used measurements, most readily can be interpreted as the problems of the least-squares method (LSM) with the generalized declarative model in
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Now, we write (13) and (14) in the same form as
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In general, for a constructive solution of the considered problems of adjustment, it is not enough for these problems to be observable (they have this property). A cause of this is that computations are done with a finite accuracy of number representation in a computer, and under these specific conditions, a corroboration of a fundamental solvability (observability) in the form of a condition that guarantees the computational stability of a solution of problem (16) is required. For a condition of the sufficient type one may consider the relation 
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 is a critical number. Specifically, in the solution of the problem with the use of orthogonal Hausholder transformations, this number is determined by the formula [7] 
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. Such scaling brings about a result (for μ) that differs from the optimal one no more than by the factor 
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 [8]; in doing so, the stability of the inverse transition to initial variables is guaranteed [9, 10].

In view of the aforementioned facts, one may say that (14) is the preferred form of a model when compared with (15) although considering the necessity to put forth additional efforts associated with the determination of the matrix B, the popularity of this type of model (especially with a great number of measurements m) can be limited.

Lastly, mention should be made of one more factor, which essentially affects the results of adjustment, namely, initial nonlinearity of the problem and the convergence problem for the iterative procedure (here, we suppose that is based on the least-squares method) under finite measurement accuracy and characterized by the vector q (one iteration is a cycle involving measurements with a subsequent estimation).
IV. Numerical Results

Thus, it is necessary to perform numerical experiments to demonstrate real solvability of the considered problem in typical situations. Some results of two such experiments associated with two discussed problems of adjustment are presented below.
The case of two beacons N = 2 with coordinates (
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 is designed. Errors of model representations are characterized by the values 
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m, whereas the values of nonsimulated components are uniformly distributed on the intervals 
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m/s. The presented numerical data are typical, say, for the motion of a submarine apparatus at a great depth [2]. 
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Fig. 1. Trajectories of motion of an object: designed (I) and perturbed (II) trajectories; 1 and 2 are numbers of beacons
Figure 1 shows two trajectories (for the time interval [0, 1200] s). The designed trajectory (I) is used as an initial approximation in the construction of an iterative procedure for the solution of the problem, and the perturbed one (II) is associated with a model representation of the real motion of an object. As is evident from this figure, the initial representation of the motion of an object rather noticeably disagrees with reality.
Figures 2a and 3a demonstrate denary logarithms of condition numbers by columns of normed matrices 
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 for various values of the numbers L and τ (τ  is the time interval between neighboring measurements) and under the condition that the observation interval equal to Lτ is reckoned from the moment 
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The other plots in Figs. 2 and 3 are constructed for the case m = JL = 400, τ equal to 6s and 3s (for the range finder and difference range finder problems, respectively), and 
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 have comparable values of the order 
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. The computer experiment has demonstrated that this eliminates the possibility of a stable solution of corresponding problems in terms of initial variables. As is seen from Figs. 2a and 3a, scaling of the variables significantly increases the conditionality of the considered problems and makes them solvable. Plots in Figs. 2 and 3 quite conclusively demonstrate this.

These plots present error values of estimates of the vector for iterations (is the number of an iteration and is the symbol of estimation error for the corresponding value). The plots demonstrate an acceptable convergence of the iteration procedures and give a good idea of the possibilities associated with the accuracy of a solution of the problem of adjustment.
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Fig. 2. The case of measurement of pseudoranges
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Fig. 3. The case of measurement of differences of ranges

Specifically, the errors of representation are reduced approximately in the following way: from 1° to 12° for the orientation of the system 
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 (Figs. 2b and 3b); from 10 to 0.05-0.2m for the beacon’s location (Figs. 2c and 3c); from 3 to 0.05-0.45m for errors of time scales (in terms of a range, Figs. 2d and 3d); and from 0.1 to 0.005m/s for components of translational velocity (Figs. 2e and 3e). Coordinates of the object at the end of the trajectory are determined with an accuracy of the order of 5m (Figs. 2f and 3f).
V. Conclusion

Note that in numerical simulation solution of purely navigation problems, the ignorance (in model problems) of perturbing factors dictated by a priori errors of adjustment of MPSs taken into account in extended models considered above, results in the fact (under numerical values of perturbations equal to those indicated above) that the iterative procedure (for N = 2) converges into a domain of feasible solutions neither in the case of range–finder measurements nor, all the more, in the case of difference range–finder ones.
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